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Attempt both questions.
FExplain all the steps of your analysis and define any new notation that you use.

Show all the calculations that your analysis relies on.

Question 1: Model hazard with additional information about the

agent’s behavior

The following is an extension of the 2x2 moral hazard model with a risk neutral agent (protected
by limited liability) that we studied in the course. In the extension, the principal has access to an
additional report indicating whether or not the agent has chosen a high effort.

Consider a moral hazard model where the principal and the agent are both risk neutral but where
the agent is protected by limited liability. The principal is in charge of a project, although he is unable
to take care of all the practical things related to the project himself. Instead, the principal delegates
the task of running the project to an agent. The project gives rise to either a large surplus (S = S)
or a small surplus (S = S, with S > S > 0). The likelihood of each outcome depends on whether
the agent chooses a low effort (e = 0) at no cost, or a high effort (e = 1) at cost ¢ > 0. Specifically,
given an effort level e € {0, 1}, the probability that a large surplus is realized equals 7. (Accordingly,
the probability of a small surplus is 1 — m..) Choosing a high effort increases the likelihood of a large
surplus, and both probabilities take values strictly between zero and one: 0 < 7w < 7 < 1.

The principal cannot observe the agent’s effort choice directly or perfectly. However, the principal
receives a report r that indicates either a 0 (as in “low effort”) or an N (as in “no information”). If
e = 1, the report shows r = N with probability one. If e = 0, the report shows r = 0 with probability
~v € (0,1). The principal can also observe the surplus that has realized.

The principal can commit to making a monetary payment t to the agent that is contingent on the
surplus level and the content of the report. This means that the payment can be contingent on four

different events:

e S =S5 and r =0 (denote the payment after this event by ¢1);
e S =S5 and r =0 (denote the payment after this event by t3);
e S=S5and r = N (denote the payment after this event by t3);

e S =S and r = N (denote the payment after this event by ¢4).



Both the principal and the agent are risk neutral, but the agent is protected by limited liability:
ty > 0,ts >0, t3 > 0, and t4 > 0. The agent’s outside option yields a payoff of zero. The timing of
events is as follows. (i) The principal chooses t1, to, t3, and t4, trying to maximize the expected surplus
that is generated, net of the expected payments to the agent. (ii) The agent decides whether or not
to accept the contract offer. Her objective is to maximize her expected payment ¢, minus the effort
cost (if any). (iii) If rejecting the contract offer, the agent receives her outside option payoff (and the
principal receives the same zero payoff). If the agent accepts the offer, she chooses the effort level.

Suppose the principal wants to induce the outcome e = 1. Answer the following questions.

(a) Write down expressions for the objective function and the constraints in the principal’s opti-
mization problem. One of the constraints should be an individual rationality constraint, which

we refer to as the “IR constraint”.

(b) Show that the IR constraint is implied by other constraints in the problem.

(c) What are the optimal choices of t1, to, t3, and t47?

Question 2: Private information about both an exogenous effort cost

and an endogenous effort choice

The following is a hybrid model of adverse selection and moral hazard, where the agent has private
information about both her effort choice and an exogenously given parameter in her effort cost function.

The principal of the model is in charge of a project, although he is unable to take care of all the
practical things related to the project himself. Instead, the principal delegates the task of running the
project to an agent. The project gives rise to either a large surplus (S = S) or a small surplus (S = S,
with S > S > 0). The likelihood of each outcome depends on the agent’s effort e € [0, 1]. Specifically,
Pr[S = S] = e. By choosing an effort level e, the agent incurs the effort cost (e, 6), where 6 is a
parameter that determines how costly it is (in absolute terms and on the margin) for the agent to

choose a particular effort level. We make the following assumptions about the effort cost function:
"7[)(07 9) = O, d}l (6, 9) > 0, 1#11(& 9) > 07 7112(67 9) > 0, 1#12(6’ 9) >0 for all e € (07 1]

In addition, we assume that the following Inada conditions hold: ;(0,6) = 0 and 11 (1,6) = oo. The
cost parameter 6 can take two values: 6 € {04,605}, with 0 < 64 < 0p. The agent knows the value of

0 perfectly. However, the principal only knows that

Prj0 =04 =v and Pr{0=0p=1-v,



with 0 < v < 1. Moreover, the principal cannot observe the agent’s effort choice e. However, both
the principal and the agent (as well as an outside court) can observe the magnitude of the realized
surplus, S € {ﬁ,g}.

The principal has all the bargaining power and makes a take-it-or-leave-it offer to the agent. A
contract can specify the payment t that the agent will receive after a small surplus has realized, and
the payment ¢ that the agent will receive after a large surplus has realized. The principal is risk neutral
and his payoff, given a surplus S and a payment ¢, equals V = S — t. The agent is also risk neutral
and her payoff, given a payment ¢ and an effort e, equals U =t — 1) (e, ). The agent’s outside option
(the same for the two types) would yield the payoff zero.

The principal offers a menu of two distinct contracts to the agent. The contract variables are
indicated either with a subscript A or B, depending on which agent type the contract is aimed at.
Moreover, the contract variables are indicated either with “upper-bars” or “lower-bars”, depending on
which observed surplus level they are contingent on. Given this notation, we can write the principal’s

expected payoff as
EV=vl]ea(S—Ta)+ (1 —ea)(S—ta)]+ 1 —v)[es(S—1p)+ (1 —ep)(S—1tg)]- (1)
The optimal contract menu maximizes the expected payoff in (1) with respect to the variables
(EA,EA,EB,EB,eA,674»63&%) ;

subject to the following constraints:

eala+ (1—ea)ty — b (ea,04) >0, (IR-A)

eptp + (1 —ep)tg — ¢ (ep,0p) >0, (IR-B)

eafa+ (1= ea)ta — v (ea,0a) = ehin + (1 — )ty — v (¢4,604). (1C-A)
entn+ (1= en)ty — ¥ (en,0p) > e+ (1 — eh)ta — v (ch.01), (1C-B)
ty, >0, iy >0, tg >0, tp >0, (LL)
ta—ty=11(ea,04), (FOA-A)

s —tg =1 (ej, eA) : (FOA-A-d)

tp —tp =11 (eB,0B), (FOA-B)

fa—t, =1 (e%, 93) . (FOA-B-d)

Answer the following questions.



(a) Explain in words what each one of the four last constraints (i.e., the ones with a label starting

with “FOA”) says and how we can understand the two variables e and e%.

(b) Show that the IR-A constraint is implied by model assumptions and other constraints in the

problem.

One can show that also the IR-B constraint is implied by model assumptions and other constraints
in the problem. In addition, suppose that, at the optimum, the LL constraints 4 > 0 and tg > 0 are
lax, while the two remaining LL constraints are both binding: t4 = £z = 0. The problem can now be

written as follows. Maximize

EV =v [eAgA +(1—ea)S —eath (eA,GA)] +(1-v) [6353 +(1—ep)S—epin (63,93)]
with respect to e4 and ep, subject to the following two constraints:
eavr (ea,04) = (ea,0a) = ehiir (ep,01) = (,01) (IC-A)
enti (e5,08) — ¥ (e5,05) > ehn (ea,04) — ¥ (¢ 05) . (1C-B)
Moreover, the variable e% is implicitly defined, as a function of e4, by the identity
U1 (ea,04) = w1 (ch,05) (2)
Similarly, the variable ei is implicitly defined, as a function of ep, by the identity
Y1 (es,0B) =1 (674,9.4) : (3)
The Lagrangian associated with the above problem can be written as
L=veaSa+ (1 —ea)S—eat(ea,0a)] +(1—v)[esSp+ (1 —ep)S —epy (en,0p)]
+Aa [emﬁl (ea,04) — ¢ (ea,04) — ehtdn (eB,0B) + (674, GAH

+ A {631/11 (e,08) — v (e, 08) — ehir (€a,04) + ¢ (6%,93)} :
where Ag > 0 and Ap > 0 are the Lagrange multipliers associated with IC-A and IC-B, respectively,

and e and e? are implicitly defined by (2) and (3), respectively.

(c) Denote the optimal value of e4 by eiB. Solve as much as you need of the problem in order to
argue that, if A4 is small enough, then ef‘B < eiB , Where eiB is the A type’s first-best effort
level (i.e., eiB is implicitly defined by S — S = (eiB ,GA)). Assume that all second-order

conditions associated with the problem are satisfied.

End of Exam
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